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Inference	
  

•  Probabilis8c	
  Graphical	
  Models:	
  
Marginal	
  and	
  condi,onal	
  probabili,es	
  
Most	
  likely	
  instan,a,ons…	
  

•  Proposi8onal	
  Knowledge	
  Bases:	
  
Logical	
  entailment	
  
Existen,al	
  quan,fica,on	
  
Model	
  coun,ng…	
  



Two	
  Main	
  Themes	
  

•  Exact	
  inference	
  as:	
  	
  
Enforcing	
  decomposability	
  and	
  determinism	
  on	
  
proposi,onal	
  knowledge	
  bases	
  

•  Approximate	
  inference	
  as:	
  
Relaxing,	
  compensa,ng	
  for,	
  and	
  recovering	
  
equivalence	
  constraints	
  (equali,es)	
  



(¬ A v B v C) 
(A v ¬ D v E) 
(B v C v ¬ F) 
(¬ B v A v F) 

 … 

Compiled 
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Evaluator 
(Polytime) Queries 

Knowledge	
  Compila8on	
  



Compiler 

Evaluator 
(Polytime) Queries 

Knowledge	
  Compila8on	
  

(¬ A v B v C) 
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(¬ B v A v F) 

 … ¬A B ¬ B A C ¬ D D ¬ C 

and and and and and and and and 

or or or or 

and and 

or 
Subsets	
  of	
  NNF	
  



¬A B ¬ B A C ¬ D D ¬ C 

and and and and and and and and 

or or or or 

and and 
or 

rooted DAG (Circuit) 

Nega8on	
  Normal	
  Form	
  



Decomposability	
  (DNNF)	
  

¬A B ¬ B A C ¬ D D ¬ C 

and and and and and and and and 

or or or or 

and and 
or 

A,B C,D 

No	
  two	
  children	
  of	
  AND	
  
share	
  a	
  variable	
  



Determinism	
  (d-­‐DNNF)	
  

¬A B ¬ B A C ¬ D D ¬ C 

and and and and and and and and 

or or or or 

and and 
or 

Every	
  pair	
  of	
  children	
  of	
  or-­‐
node	
  are	
  inconsistent	
  
(mutually	
  exclusive)	
  



OBDD	
  (tradi,onal	
  form)	
   OBDD	
  (NNF)	
  

A 
B 
C 
D 
E 
F 

High	
  child	
  
(A=true)	
  

Low	
  child	
  
(A=false)	
  

OBDD:	
  	
  
d-­‐DNNF	
  +	
  Addi8onal	
  Proper8es	
  



Queries	
  and	
  Transforma8ons	
  
•  Queries	
  

SAT,	
  MAXSAT,	
  logical	
  entailment,	
  equivalence	
  tes,ng,	
  
model	
  coun,ng,…	
  

•  Transforma8ons:	
  
Existen,al	
  quan,fica,on,	
  conjunc,on,	
  disjunc,on,	
  
nega,on…	
  

•  More	
  proper,es	
  imply	
  more	
  poly,me	
  queries	
  and	
  
transforma,ons,	
  but	
  less	
  succinctness	
  



¬A B ¬ B A C ¬ D D ¬ C 

and and and and and and and and 

or or or or 

and and 
or 

Coun8ng	
  Models	
  (d-­‐DNNF)	
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Why	
  Logic?	
  

•  Encoding	
  local	
  structure	
  is	
  easy:	
  

–  Zero-­‐parameters	
  encoded	
  by	
  adding	
  clauses:	
  

–  Context-­‐specific	
  independence	
  encoded	
  by	
  collapsing	
  
variables:	
  € 

θC | A=0



Workshop page: http://graphmod.ics.uci.edu/uai08/ 



High	
  Order	
  Specifica8ons:	
  
Rela8onal	
  Models…	
  

burglary(v)=0.005; 
alarm(v)=(burglary(v):0.95,0.01); 
calls(v,w)= 
 (neighbor(v,w): 
  (prankster(v)): 
   (alarm(w):0.9,0.05), 
   (alarm(w):0.9,0)),0); 
alarmed(v)= 
  n-or{calls(w,v)|w:neighbor(w,v)} 

Primula	
  



Ace: compile BNs to ACs 
http://reasoning.cs.ucla.edu/ace/ 

•  Rela,onal	
  networks	
  (251	
  networks)	
  
•  Average	
  cluster	
  size	
  is	
  50	
  



Alchemy	
  is	
  a	
  soaware	
  package	
  providing	
  a	
  series	
  of	
  algorithms	
  for	
  sta8s8cal	
  rela8onal	
  
learning	
  and	
  probabilis8c	
  logic	
  inference,	
  based	
  on	
  Markov	
  logic	
  representa8ons.	
  



Current	
  Challenges	
  
•  Incremental	
  compila8on:	
  	
  

–  What?	
  Current	
  compilers	
  monolithic:	
  c2d	
  (UCLA)	
  and	
  DSharp	
  (Toronto)	
  

–  Need:	
  
•  Logic:	
  planning	
  and	
  verifica,on	
  applica,ons	
  
•  Probability:	
  approximate	
  inference	
  

–  Main	
  insight:	
  	
  

•  Structured	
  decomposability	
  &	
  vtrees	
  (AAAI-­‐08,	
  AAAI-­‐10)	
  

•  Guarantees	
  and	
  Complexity	
  results:	
  	
  
–  Upper	
  &	
  lower	
  bounds	
  on	
  size	
  of	
  compila,on	
  (AAAI-­‐10,	
  ECAI-­‐10)	
  
–  Main	
  insights:	
  

•  The	
  no,on	
  of	
  a	
  decomposi,on	
  (AAAI-­‐10)	
  
•  The	
  no,on	
  of	
  an	
  interac,on	
  func,on	
  (ECAI-­‐10)	
  



Structured	
  Decomposability	
  

vtree T DNNF respects T or 

and and 

or or or 

and 

and 

A 

B C 

D E ¬A ¬D 

A,B,C D,E A,C D,E 

Full	
  binary	
  tree	
  
with	
  leaves	
  
corresponding	
  
to	
  variables	
  

A	
  

B	
   C	
  

D	
   E	
  



OBDD	
  (tradi,onal	
  form)	
   OBDD	
  (NNF)	
   Linear	
  vtree	
  	
  

A 
B 
C 
D 
E 
F 

High	
  child	
  
(A=true)	
  

Low	
  child	
  
(A=false)	
  

OBDD:	
  DNNF	
  that	
  Respects	
  Linear	
  vtree	
  



Decomposi8on	
  of	
  Boolean	
  Func8ons	
  (AAAI-­‐10)	
  

f(X,Y)	
  =	
  g(X)	
  ∧	
  h(Y)	
  

f(X,Y)	
  =	
  	
  	
  	
  f1	
  	
  	
  	
  	
  	
  	
  	
  ∨	
  	
  	
  	
  	
  	
  	
  	
  f2	
  	
  	
  	
  	
  	
  	
  	
  	
  ∨	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  f3	
  	
  	
  	
  	
  	
  ∨	
  	
  	
  	
  …	
  	
  	
  	
  ∨	
  	
  	
  	
  	
  	
  	
  	
  fm	
  

g1(X)	
  ∧	
  h1(Y)	
   g2(X)	
  ∧	
  h2(Y)	
   g3(X)	
  ∧	
  h3(Y)	
   gm(X)	
  ∧	
  hm(Y)	
  

(X,Y)-­‐decomposi,on	
  of	
  f	
  

•  Examples:	
  f	
  =	
  (X1∨X2)∧(Y1∨X2)∧(X1∨Y2)∧(Y1∨Y2)∨(X2∧Y3)	
  

– X={X1,	
  X2},	
  Y={Y1,	
  Y2	
  ,	
  Y3}:	
  



Lower	
  Bounds	
  (AAAI-­‐10)	
  

(¬E∨¬F)	
  ∧	
  (¬A∧¬B)	
  
(D	
  ∧E)∧(F∧G)	
  ∧	
  ((A∧(B∨	
  C))	
  ∨	
  ¬A)	
  
(F∧G)	
  ∧	
  (¬A∨(¬B∧¬C))	
  

∨	
  
∨	
  

(X,Y)-­‐decomposi,on	
  of	
  
the	
  func,on	
  represented	
  
by	
  DNNF	
  

Vtree DNNF 

v	
  
Y	
  

X	
  



The	
  Interac8on	
  Func8on	
  (ECAI-­‐10)	
  

f(X,Y)	
  =	
  	
   g(X)	
  	
   h(Y)	
  	
   I(X,Y)	
  	
  ∧	
   ∧	
  

Captures	
  precisely	
  
knowledge	
  about	
  
variables	
  in	
  X	
  

Captures	
  precisely	
  
knowledge	
  about	
  
variables	
  in	
  Y	
  

Captures	
  precisely	
  
interac,on	
  between	
  	
  
variables	
  X	
  and	
  Y	
  

∃Y	
  f	
   ∃X	
  f	
   fXY	
  =	
  f	
  ∨	
  ¬(∃X	
  f)	
  ∨	
  ¬(Y	
  f)	
  



The	
  Interac8on	
  Func8on	
  (ECAI-­‐10)	
  

f(X,Y)	
  =	
  	
   g(X)	
  	
   h(Y)	
  	
   I(X,Y)	
  	
  ∧	
   ∧	
  

Captures	
  precisely	
  
knowledge	
  about	
  
variables	
  in	
  X	
  

Captures	
  precisely	
  
knowledge	
  about	
  
variables	
  in	
  Y	
  

Captures	
  precisely	
  
interac,on	
  between	
  	
  
variables	
  X	
  and	
  Y	
  

∃Y	
  f	
   ∃X	
  f	
  

(A	
  =>	
  B)	
  (¬A	
  =>	
  C)	
  	
  	
  	
  	
  	
  	
  	
  X={A}	
  	
  Y={B,C}	
  

true	
  	
   (B	
  v	
  C)	
  	
  

	
  	
  A	
  =>	
  (C	
  =>	
  B)	
  
¬A	
  =>	
  (B	
  =>	
  C)	
  	
  



Current	
  Research	
  
•  Searching	
  for	
  good	
  vtrees	
  (on-­‐going)	
  
•  Characterizing	
  and	
  searching	
  for	
  op,mal	
  decomposi,ons	
  
•  Upper	
  and	
  lower	
  bounds	
  on	
  size	
  of	
  DNNF	
  

•  Key	
  objec,ve:	
  incremental	
  compiler	
  for	
  DNNF	
  and	
  d-­‐DNNF	
  



Two	
  Main	
  Themes	
  

•  Exact	
  inference	
  as:	
  	
  
Enforcing	
  decomposability	
  and	
  determinism	
  on	
  
proposi,onal	
  knowledge	
  bases	
  

•  Approximate	
  inference	
  as:	
  
Relaxing,	
  compensa,ng	
  for,	
  and	
  recovering	
  
equivalence	
  constraints	
  (equali,es)	
  



Treewidth	
  

(A	
  v	
  B	
  v	
  ¬C)	
  ∧	
  
(A	
  v¬B	
  v	
  C)	
  ∧	
  
(C	
  v¬D	
  v	
  E)	
  ∧	
  
(B	
  v	
  D)	
  ∧	
  
(D	
  v	
  E)	
  

CNF Constraint Graph 

A B 

C D 

E 



Treewidth	
  



(¬ A v B v C) 
(A v ¬ D v E) 
(B v C v ¬ F) 
(¬ B v A v F) 

Equivalence	
  Constraints	
  

(¬ A v B v C) 
(A v ¬ D v E) 
(B v C’ v ¬ F) 
(¬ B v A v F) 
(C = C’) 

Relaxing	
  equivalence	
  constraints	
  reduces	
  treewidth	
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(C	
  v¬D	
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  ∧	
  
(B	
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(D	
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Treewidth	
  

(A	
  v	
  B	
  v	
  ¬C)	
  ∧	
  
(A’	
  v¬B	
  v	
  C)	
  ∧	
  
(C	
  v¬D	
  v	
  E)	
  ∧	
  
(B	
  v	
  D)	
  ∧	
  
(D	
  v	
  E)	
  ∧	
  
(A	
  =	
  A’)	
  

CNF Constraint Graph 

A B 

C D 

E 

A’ 



Treewidth	
  

(A	
  v	
  B	
  v	
  ¬C)	
  ∧	
  
(A’	
  v¬B	
  v	
  C)	
  ∧	
  
(C	
  v¬D	
  v	
  E)	
  ∧	
  
(B	
  v	
  D)	
  ∧	
  
(D	
  v	
  E)	
  	
  

CNF Constraint Graph 

A B 

C D 

E 

A’ 



ψeq(Xi=xi,Xj=xj)	
  =	
  	
  
	
   	
  1 	
  if	
  xi	
  =	
  xj	
  
	
   	
  0 	
  otherwise	
  

Equivalence	
  Constraints	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Model	
  M	
   A	
   B	
   C	
  

D	
   E	
   F	
  

G	
   H	
   I	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Model	
  +	
  Eq.	
   A	
   B	
   C1	
  

D	
   E1	
   F	
  

G	
   H1	
   I1	
  

C2	
  

E2	
  

I2	
  H2	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Relaxed	
  

•  Treewidth	
  1	
  

A	
   B	
   C1	
  

D	
   E1	
   F	
  

G	
   H1	
   I1	
  

C2	
  

E2	
  

I2	
  H2	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Model	
  M	
   A	
   B	
   C	
  

D	
   E	
   F	
  

G	
   H	
   I	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Model	
  +	
  Eq.	
   A	
   B	
   C1	
  

D	
   E1	
  

G1	
  

C2	
  

E2	
   F	
  

G2	
   H	
   I	
  



Relaxing	
  Equivalence	
  Constraints	
  

•  Relaxed	
  

•  Decomposed	
  

A	
   B	
   C1	
  

D	
   E1	
  

G1	
  

C2	
  

E2	
   F	
  

G2	
   H	
   I	
  



Model	
  +	
  Eq	
   Relax	
  

Compensate	
   Recover	
  

Intractable	
  model,	
  augmented	
  
with	
  equivalence	
  constraints	
  

Simplify	
  network	
  structure:	
  
Relax	
  equivalence	
  constraints	
  

Compensate	
  for	
  relaxa,on:	
  
Restore	
  a	
  weaker	
  equivalence	
  

Recover	
  structure,	
  iden,fy	
  	
  
an	
  improved	
  approxima,on	
  



Model	
  +	
  Eq	
   Relax	
  

Compensate	
   Recover	
  

Intractable	
  model,	
  augmented	
  
with	
  equivalence	
  constraints	
  

Usually	
  gives	
  upper/lower	
  
bounds:	
  mini-­‐buckets,	
  MAXSAT	
  

Compensate	
  for	
  relaxa,on:	
  
Restore	
  a	
  weaker	
  equivalence	
  

Recover	
  structure,	
  iden,fy	
  	
  
an	
  improved	
  approxima,on	
  



Compensa,ng	
  for	
  an	
  Equivalence	
  

Xi 

Xj 



Compensa,ng	
  for	
  an	
  Equivalence	
  

Xi 

Xj 

€ 

Pr(Xi = x) = Pr(X j = x)



Compensa,ng	
  for	
  an	
  Equivalence	
  

Xi 

Xj € 

θ(Xi) = α
∂Z

∂θ(X j )

€ 

θ(X j ) = α
∂Z

∂θ(Xi)

€ 

Pr(Xi = x) = Pr(X j = x)



Parametrizing	
  Edges	
  Itera,vely	
  

Iteration t = 0 
Initialization 



Parametrizing	
  Edges	
  Itera,vely	
  

Iteration t = 1 



Parametrizing	
  Edges	
  Itera,vely	
  

Iteration t = 2 



Parametrizing	
  Edges	
  Itera,vely	
  

Iteration t 

Convergence 

€ 

θ(Xi) = α
∂Z

∂θ(X j )

€ 

θ(X j ) = α
∂Z

∂θ(Xi)



Characterizing	
  Loopy	
  Belief	
  Propaga,on	
  

Iteration t Iteration t 

€ 

θ(Xi) = α
∂Z

∂θ(X j )

€ 

θ(X j ) = α
∂Z

∂θ(Xi)



Xi 

Xj 

•  in	
  a	
  tree:	
  
– MAR:	
  BP	
  marginals	
  

–  PR:	
  Bethe	
  
– MPE:	
  BP	
  max-­‐marginals	
  

Characterizing	
  Loopy	
  Belief	
  Propaga,on	
  



Which	
  Edges	
  to	
  Delete?	
  
exact	
  

delete	
  
edges	
  

?	
  



Edge	
  Recovery	
  
loopy	
  BP	
  

exact	
  

recover	
  
edges	
  

recover	
  
edges	
  

recover	
  
edges	
  

recover	
  
edges	
  

…	
  

…	
  



Edge	
  Recovery:	
  ZERO-­‐EC	
  

i	
   j	
  

Recover	
  edges	
  with	
  largest	
  MI(Xi;Xj)	
  

Mi	
   Mj	
  



Edge	
  Recovery:	
  GENERAL-­‐EC	
  

j	
  

i	
  

t	
  

s	
  

Recover	
  edges	
  with	
  largest	
  MI(Xi,Xj;	
  Xs,Xt)	
  

Mi	
   Mj	
  



Edge	
  Recovery	
  

0	
   25	
  
0	
  

0.01	
  

0.02	
  

0.03	
  

0.04	
  

0.05	
  

0.06	
  

0.07	
  

edges	
  recovered	
  

re
la
,v
e	
  
er
ro
r	
  

6x6	
  grid	
   EC-­‐Z,rand	
  
EC-­‐G,rand	
  
EC-­‐Z,MI	
  
EC-­‐G,MI	
  
EC-­‐G,MI2	
  

Bethe	
  

exact	
  Z	
  



Edge	
  Recovery:	
  New	
  Idea	
  
loopy	
  BP	
  

recover	
  
edges	
  

recover	
  
edges	
  

recover	
  
edges	
  

recover	
  
edges	
  

…	
  

…	
  

Challenge	
  UAI-­‐10:	
  encourage	
  convergence,	
  residual	
  recovery	
  



Residual	
  Recovery	
  

•  Recover	
  edges	
  based	
  on	
  
how	
  close	
  they	
  are	
  to	
  
convergence	
  

Xi 

Xj 

θ(Xi)	
  

θ(Xj)	
  

€ 

θ(Xi) = α
∂ ʹ′ Z 

∂θ(X j )



Evalua,on	
  Benchmarks	
  

Benchmark	
   PR	
   MAR	
   MPE	
  

CSP	
   8	
   8	
   55	
  

Grids	
   20	
   20	
   40	
  

Image	
  Alignment	
   10	
  

Medical	
  Diagnosis	
   26	
   26	
  

Object	
  Detec,on	
   96	
   96	
   92	
  

Pedigree	
   4	
   4	
  

Protein	
  Folding	
   21	
  

Protein-­‐Protein	
  Interac,on	
   8	
  

Segmenta,on	
   50	
   50	
   50	
  

TOTAL	
   204	
   204	
   287	
  



Overall	
  Results	
  

Solver	
   Score	
  

edbr	
   1.7146	
  

vgogate	
   2.1620	
  

libDai	
   2.2775	
  

PR	
  Task:	
  20	
  Seconds	
  

Solver	
   Score	
  

edbq	
   0.2390	
  

libDai2	
   0.3064	
  

vgogate	
   0.4409	
  

MAR	
  Task:	
  20	
  Seconds	
  



Overall	
  Results	
  

Solver	
   Score	
  

vgogate	
   1.2610	
  

edbp	
   1.3063	
  

libDai	
   2.0707	
  

PR	
  Task:	
  20	
  Minutes	
  

Solver	
   Score	
  

ijgp	
   0.1722	
  

edbq	
   0.1742	
  

libDai3	
   0.2810	
  

MAR	
  Task:	
  20	
  Minutes	
  



Overall	
  Results	
  

Solver	
   Score	
  

vgogate	
   1.2609	
  

edbr	
   1.2699	
  

libDai	
   2.0707	
  

PR	
  Task:	
  1	
  Hour	
  

Solver	
   Score	
  

ijgp	
   0.1703	
  

edbr	
   0.1753	
  

libDai3	
   0.2639	
  

MAR	
  Task:	
  1	
  Hour	
  



Overall	
  Results	
  

Solver	
   Score	
  

vgogate	
   1.2609	
  

edbr	
   1.2699	
  

libDai	
   2.0707	
  

PR	
  Task:	
  1	
  Hour	
  

Solver	
   Score	
  

ijgp	
   0.1703	
  

edbr	
   0.1753	
  

libDai3	
   0.2639	
  

MAR	
  Task:	
  1	
  Hour	
  



Exact	
  Solvers	
  

•  Can	
  use	
  any	
  exact	
  solver	
  

•  Used	
  Hugin	
  and	
  Shenoy-­‐Shafer	
  jointree	
  
algorithms.	
  Did	
  not	
  use	
  Ace.	
  

•  Did	
  not	
  expect	
  instances	
  to	
  be	
  solvable	
  exactly	
  
within	
  the	
  given	
  ,me	
  limits!	
  



Ideally…	
  

•  Exact	
  inference	
  based	
  on	
  compiling	
  CNFs	
  

•  Edge	
  recovery	
  using	
  incremental	
  compila,on:	
  
– conjoin	
  recovered	
  equivalence	
  constraint	
  with	
  
current	
  compila,on	
  

•  Not	
  there	
  yet:	
  more	
  engineering	
  needed!	
  



Key	
  Ideas	
  

•  Approximate	
  inference:	
  formulated	
  as	
  exact	
  
inference	
  in	
  an	
  approximate	
  model	
  

•  Approximate	
  models:	
  obtained	
  by	
  relaxing	
  
and	
  compensa,ng	
  for	
  equivalence	
  constraints	
  

•  Any8me	
  inference:	
  	
  selec,ve	
  recovery	
  of	
  
equivalence	
  constraints	
  

•  Exact	
  inference:	
  formulated	
  in	
  terms	
  of	
  
enforcing	
  decomposability	
  and	
  determinism	
  of	
  
proposi,onal	
  knowledge	
  bases	
  



http://reasoning.cs.ucla.edu/samiam/ 
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